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Spanwise Lift Distribution on a Wing from
Flowfield Velocity Surveys
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The application of the incompressible three-dimensional momentum integral equation to a finite wing is
reviewed. The objective is to interpret the resulting equations in a way that suggests an alternate experimental
method for determining the spanwise distribution of lift. Consideration is given to constraints that must be
placed on the character of the vortex wake of the wing to provide the familiar relationship between lift and
bound vorticity, A novel technique is then presented for obtaining, from behind the wing, the spanwise lift
distribution from velocity surveys that are made over only a short distance above and below the wing trailing
edge. The necessary formalism is developed to use these measured values to obtain the actual span loading by
using an equivalent single-horseshoe vortex model to account for the unmeasured portion of the downward (or
upward) momentum. The results of a numerical simulation are presented for a typical loading distribution. The
technique is then verified experimentally using laser velocimeter data for the flowfield around a model wing.
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Nomenclature
wing span
local wing chord
mean geometric chord
section lift coefficient
closed circuit around a wing section
correction accuracy
total wing lift coefficient
infinitesimal length vector for line in-
tegrations, nondimensionalized by c
integral operator
section lift
portion of circv . t, where /= 1,2,3,4
outward unit normal to surface S
static pressure
total pressure at infinity
local total pressure
freestream dynamic pressure
control surface
portion of control surface Ss where / = 1 , . . . ,6
wing surface
correction function
Eulerian fluid velocity
streamwise component of u, positive down-
stream
spanwise component of u, positive outboard
vertical component of u9 positive upward

UY Uv U.,

V = control volume
V^ = freestream velocity
x,y,z = Cartesian coordinates
x,y,z =unit vectors along Cartesian directions x,y,z,

respectively
X,Y,Z = ( x / c ) , ( y / c ) , ( z / c )
Y0 — spanwise location of trailing portion of a

horseshoe vortex
y rznondimensional vortex strength, CC//C/STT
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Subscript
e

= strength of vortex filament; circulation
= deflection angles for ailerons and

positive downward
= nondimensional vorticity vector
= Cartesian components of f
— fluid density
= shear stress tensor

= equivalent vortex

flaps,

Introduction

THIS paper deals with the application of the momentum
integral equation to a wing that is generating lift. The

objective is to interpret the resulting lift equation in a way that
suggests a reasonable experimental technique for determining
the spanwise distribution of lift. The equations for drag and
lateral force are not considered in this paper, but are discussed
in a separate publication. *

Using the concepts of momentum and vorticity to
characterize the flow about a wing is by no means new.
Lanchester2 correctly described the mechanism of vortex
shedding and rollup in 1909. In 1921, Prandtl3 implemented
enough simplification (lifting-line approximation) suc-
cessfully to construct an analytical method that relates this
shedding process to the spanwise loading distribution.
However, some investigators such as Munk4 in 1924, felt that
the bound vortex concept was only a convenient means for
qualitatively describing the flow, and that there was "no
longer any reason for the use of vortices in the computations
in connection with airplane wings." In spite of this, in 1925
Bryant and Williams5 successfully obtained the lift on an
airfoil by measuring along a contour enclosing the airfoil. To
this author's knowledge, since these early efforts, very little
progress has been made to experimentally implement these
ideas.

This paper extends these early ideas to eliminate the closed
contour. The loading distribution on a wing is shown to be
obtainable from flow surveys made behind the wing only;
these results are then augmented with the help of a high-speed
computer to complete the contour analytically.

The motivation for reconsidering these early concepts has
been due largely to the success of the laser velocimeter in
conducting wind-tunnel flow diagnostics. Probe-type
measuring devices are cumbersome to use for making closed
circulation paths. Additionally, these devices often lack the
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required sensitivity and accuracy. The advent of the laser
velocimeter, however, provides a more practical and accurate
means for remotely conducting the required flow
measurements.

It is hoped that this paper will demonstrate that the ideas of
Lanchester and Prandtl are still viable. Perhaps it has only
been the drawbacks of conventional anemometers that have
hindered further exploitation of these fundamental
relationships.

Momentum Analysis
In the absence of any net body force, the integral form of

the steady momentum equation may be written as

pu(u-n)dS=-§>
J

(1)

where F is the shear stress tensor at points on a closed surface
5 surrounding a volume V\ n is the outward unit normal to the
surface 5; p is the static pressure; p the fluid density, and u the
Eulerian fluid velocity.

Figure 1 depicts the control surface to be used for com-
puting the sectional lift. The influences of the wing on the
fluid are represented by corresponding variations in the
velocities, static pressures, and shearing stresses on the
control surface. Whereas the wing surface Sw forms a part of
the closed surface S, the portions on S5 and S6 that include the
airfoil cross section are not part of the closed control surface.

Reference 1 verifies that the last term in Eq. (1) is negligible
on surfaces S7 through S6 when the flow Reynolds number
(based on mean chord) is large. Also, we assume any lift
generated over the wing surface Sw by shearing forces to be
negligible compared to the pressure lift. Then, the z com-
ponent of Eq. (1) becomes

L- \ puxuzdydz- \ (pu2+p)dxdy- puxuzdydz
J S i J 52 J S 3

+ I (pu2
z +p)dxdy + \ puyuzdxdz — \ puyuzdxdz

J S4 J £5 J Sfi

(2)

where we have equated the static pressure integration over Sw
to minus the section lift L.

For the control surface of Fig. 1, the differential dy
becomes Ay and the area integrations over S]tS2,S3, and S4
become line integrations along LltL2>L3, and L4, respec-
tively, with width Ay. Hence, L can be written as L — q^c/cAy,
where c{ is the section lift coefficient and c the local chord.
Furthermore, the second and fourth terms in Eq. (2) require a
knowledge of the static pressure on the control surface.
Experimentally, these pressures would be difficult to measure
accurately; undetected, small changes over a large surface

area can produce a considerable error in the resulting force
computation. Since the accurate measurement of the velocity
is more convenient (especially with the laser velocimeter), the
static pressures in Eq. (2) are replaced with the total pressure
and the local velocity

p
"2

This substitution is helpful in two ways: 1) a difficult
measurement has been replaced by simpler ones; 2) the total
pressure pT is the total head p0 in all regions that have not
suffered viscous losses. Using these substitutions for lift and
static pressure, respectively, and nondimensionalizing all
velocities by V^ and x,y, and z by c, the mean geometric
chord, Eq. (2) reduces to

°^=2\ UxUzdZ-\ (U2
z-U2

x-U2)dX
C JLy J^2

-2\ UxUzdZ+\ (U2
z-U2

x-U2
y)dX

J L3 J />^

'-\ v,<J5xr
C/^^d^dZ- (3)

The total pressure does not appear in Eq. (3) because it has the
same value p0 on both S2 and S4.

The assumption is now made that the flow velocity around
the wing changes smoothly and slowly enough with respect to
Fthat the integrands in the surface integrals of Eq. (3) can be
expressed, to the first order, as

(4)

where subscripts 5 and 6 refer to surfaces S5 and S6,
respectively, and subscript 5 indicates evaluation of the
derivative at the surface spanned by the closed circuit C
defined by L1}L2,L3, and L4. The normal to S is taken in the
positive y direction. Substituting Eq. (4) into the surface
integration of Eq. (3),

C/vl7zd^dZ-s5
 y z Js6

!-S,
(5)

Reference 1 develops an alternate expression for the surface
integral on the right-hand side of Eq. (5) that reduces Eq. (3)

BOUND
VORTEX

Fig. 1 Closed control surface for computation of section lift.
Fig. 2 Lifting-line approximation showing integration circuit C,
bound and shed vorticity.
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to

(6)

where f — curl Uis the nondimensional vorticity vector.
Equation (6) is not in a form that suggests a reasonable

experimental technique for determining the section lift
coefficient c/. The method implied by this expression would
require detailed distributions of the velocity field over the
entire surface S. The need for the vorticity distributions would
require that the derivatives of the velocity be determined from
the data, reducing the accuracy of the results. Hence, before
our analysis can continue, some assumptions must be made
regarding the character of the flow in order to further simplify
Eq. (6).

Lifting-Line Approximation
If the flowfield of interest can be adequately described by a

lifting-line model (at least over the region enclosed by the
closed circuit C), then Eq. (6) can be simplified considerably.
The assumed geometry, shown in Fig. 2, reduces the wing
cross-sectional area to zero about the bound vortex. The
surface denoted by the double integration in Eq. (6) is
therefore the entire area spanned by C. This allows the use of
Stokes's theorem, which reduces the problem to a line integral
around C, if Eq. (6) can be put into a form that is compatible
with this theorem.

To apply Stokes's theorem, two implicit restrictions of the
lifting-line model are noted:

1) If the lines of shed vorticity are allowed downward
deflection due to mutual induction, but spanwise deflection is
forbidden, then £y is nonzero only along the bound vortex.
Hence, it is only nonzero atX=Z = Q, where Ux = l.

2) £x vanishes along the bound vortex. It is nonzero only
along a trailing line of shed vorticity of strength dT(y).
However, if no spanwise wake deflection is allowed, then
Uy=Q along these lines. Using these two restrictions, the lift
coefficient is

°^=2\ \ (Uxt;y-Uytx)dXdZ = 2\ \
c J J i S J J 5

LASER
VELOCIMETER

(a)

Fig. 3 Experimental situation that allows for either spanwise or
limited optical access: a) spanwise optical access (typical of smaller
facilities, e.g., Ames 7 x 10 ft wind tunnel): section lift coefficient can
be determined from (ccl)/c = 2$cU-Al; b) limited optical access
(typical of larger facilities, e.g., Ames 40 X 80 ft wind tunnel): section
lift coefficient determined by correcting measured (ccj)c using an
equivalent vortex.

Writing £y =.y-curl U, Stokes's theorem may be applied,

— =2 I i j-curl(7dJ^dZ = 2(p U-dl (7)
c J Js Jc

where y is precisely the unit normal to the surface S. This is
a familiar result for two-dimensional flows, but it is also valid
for a three-dimensional flow with the two lifting-line
restrictions above.

At this juncture in the analysis, the lifting-line model and
Eq. (7) do not account for the presence of the vorticity
contained in the free viscous wake. In 1925S Taylor6 showed
that an additional constraint must be placed on the type of
contour C chosen if the effects of the wake are not to in-
troduce error into the lift coefficient obtained using Eq. (7);
that is, the contour must be chosen so that the part that cuts
the wake is a straight line perpendicular to the relative wind.
Equivalently, the wake must be crossed such that equal
amounts of positive and negative vorticity are carried across
the boundary and away from the neighborhood of the airfoil
by the fluid in the wake. In the present analysis, L3 meets the
necessary criteria.

If the lifting-line model is assumed to represent the real
flow adequately, at least in the region of the control surface,
then Eq. (7) suggests that the section lift coefficient can be
determined experimentally by measuring the appropriate
velocity components on the closed contour C. If the orien-
tation of the loop remains rectilinear to the flow, then the
extent of circuit C is not restricted as long as the vorticity
passing through it remains constant. As the loop expands,
however, the velocity variation about freestream conditions
becomes smaller; to sense these changes with sufficient ac-
curacy to perform the integration in Eq. (7) becomes in-
creasingly difficult.

To measure the flow velocities along the loop C with a laser
velocimeter, spanwise optical access to the flow must be
possible, as indicated in Fig. 3. Such a view of the selected
spanwise location may, however, be hindered by obstacles
such as engine nacelles and flaps. To measure around these
obstacles, the loop may become so large that the accuracy of
the measurement is compromised. Additionally, spanwise
access may not be feasible, as in a large wind tunnel (e.g.,
Ames 40x80 ft wind tunnel). Hence, it is convenient to ex-
tend the results of the previous sections to the spanwise
loading when only limited optical access is available. This
extension is accomplished in the following section.

Computation of the "Unmeasured" Momentum
Equation (7) may be written as

CCf

c
U dl

If the boundaries Ll,L2, and L4 are far removed from the
vicinity of the wing, then Uz =0 on Ll and Ux = l on L2 and
L4. Hence,

CCi f f °°
-J !=-2 C/.dZ=-2 C/.dZ
C JL ? ^ J -oo Z

(8)

Because an experimental traverse along L3 can be made over
only a finite distance between Z1 and Z2 (see Fig. 4), Eq. (8) is
written as

(9)
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WAKE
SURVEY LINE

Fig. 4 Measured region determined by finite length of experimental
traverse over portion of wake survey line. Flow is modeled in un-
measured regions to generate numerical contribution to value of
(cc,)/c.

Fig. 5 Difference between "actual" and "measured" loading
distribution for finite traverse distance: Z2 = -Z7 = 1.0; X= 0.9.

where

UzdZ

is the "measured" value between the limits Z7 and Z2.t The
first and second terms in Eq. (9) relate to the z component of
the linear momentum present outside the measured region.
This momentum must be accounted for if an accurate value
for the section lift coefficient is to be obtained.

The difference to be expected between the true value of
(cci ) Ic and the measured value

can be shown by formulating a computer code to generate a
flowfield and then performing the experiment numerically.
Reference 1 contains the details of this flowfield generation
routine and the relevant equations. This generator allows for
a nonplanar wake, but does not allow spanwise vorticity £y in
the free wake. The numerical simulation uses this velocity
field as a basis for the "measurements." Figure 5 compares a
known (actual) (cc/)/c5 distribution with that determined by
a wake survey over a finite distance Z; to Z2. The points for
the "measured" loading have been obtained from the
simulation routine. The survey limits have been chosen as one
mean geometric chord both above and below the "trailing
edge"; the survey is made at 0.9 c behind the bound vortex.
The comparison is understandably poor because a significant
portion of downward momentum is contained in the un-
measured region and has been neglected. Also, note that the
"measured" loading in Fig. 5 does not extend inboard from
y=0.5. This is intentional since it is unlikely in a real ex-
periment that one could obtain data any closer because of
fuselage interference.

Determining the Equivalent Vortex
The difference between the "actual" and "measured"

loadings in Fig. 5 can be accounted for by modeling the flow
analytically in the unmeasured regions. The parameters of the
model are determined by the character of the data obtained in

tBecause the experiment is first numerically simulated, the com-
putation of the lift coefficient is referred to as the "measured" value;
the quotation marks are intended to distinguish this from an actual
wind-tunnel measurement.

the measured region. The terms in Eq. (9) that represent the
numerical contribution can then be computed and the
complete lift coefficient determined.

The assumption is made that there exists a single equivalent
horseshoe vortex that contains an amount of downward
momentum in the unmeasured regions that is very nearly
equal to the momentum generated in these regions by the span
loading of interest. If it is further assumed that this horseshoe
is planar, then the induced velocity component Uz at any
point (X, Y,Z) in the flow due to the equivalent system can be
shown to be

= -ye[AX+B(Y0f-Y)+C(Y0

where the subscript e refers to the equivalent vortex,

(ccl/c)e

(10)

is the strength of the vortex, Yoe is the spanwise location of the
trailing portion of the horseshoe, and A, B, and C are given
by

•-[ +z> 2_ +Z2

where Y+ = Yoe + Yand Y_ = Y0e- Y.
Substituting Eq. (10) into Eq. (9), gives

where I(F) is the definite integral operator

r°° pz;
I(F)=\ FdZ+\ FdZ

J Z2 J - oo

(11)

(12)
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The indefinite form of the integrals in Eq. (12) may be
evaluated and shown to be

7 r , /F + s in<? \ / y _ s i n < / > \ l=^h (-^)+tan -'HHJ
, / z \ ii^an-^-JjJ /WZ=p- [tan-^ F_ ;

BEGIN
w ALGORITHM^

TOTAL LIFT
COEFFICIENT, C.

INITIAL VALUE OF Yno = 1.0

CdZ

where

arid

= 7-[tan- +tan (13)

s,in<t> = Z/-JX2+Y2_ +Z2

With attention being given to the signs of the numerators and
denominators in Eq. (13), Eq. (1 i) can be expressed as

for - F « < F

for Y>Y

for 7< - Y0 (14)

c t

C 2-K C

where

(cce /c) FROM EQ. (17)

USING (cc t/c) meas AT TIP

FROM EQ. (14), CORRECT ALL
DATA USING THESE VALUES

OF (cc t /c)eAND Yoe

DETERMINE AREA UNDER
RESULTING CURVE OF (cc^/c

FROM EQ. (16)

IS AREA WITHiN SPECIFIED
PERCENTAGE OF C[_?

TYPICALLY 1%

1 "YES"

MEASURED, CORRECTED, AND
ACTUAL DISTRIBUTIONS

Yoe AND ACCURACY OF FIT
TO ACTUAL LOADING

Fig, 6 Algorithm to determine numerical contribution to lift
coefficient.

7\ = tan -

± t an~

+ t an~
that

|\ ,/| ^2 |\b±tan ( l y r D - (15)

This solution is restricted to Z2 = — Z;; subscript 2 in Eq. (15)
denotes evaluation of sin$ and sinc/> at Z — Z2. The distance
behind the bound vortex at which the survey has been made is
given by X, and Y is the spanwise location where the
numerical contribution is desired.

Note from Eqs. (14) and (15) that the numerical con-
tribution is completely determined by specifying two values:
(ccl/c)e and Y0e, the strength and location, respectively, of
the equivalent vortex. To obtain these values, two known
conditions are invoked relevant to the corrected distribution
( c c i ) / c . These two conditions are:

1) The value of (cc,) /cat the wing tip must be zero.
2) The area beneath the (cc^/c distribution must be

related to the total lift coefficient of the wing CL according to

(16)
b Jo

The first condition is satisfied only if Y0e is located inboard of
the wing tip. It then follows from the second part of Eq. (14)

T.

r_ contains both Y0e and (cct/c)e so that closure of the
solution requires the second condition to be invoked. This is
accomplished numerically by iterating the solution, as in-
dicated in Fig. 6.

Results from Numerical Experiments
Figure 7 shows the results obtained by applying this

iteration scheme to the data in Fig. 5. The equivalent vortex is
located at Y0e = 2.79, with a strength (cc,/c) e = 1.42. The area
beneath the corrected data matches CL = 1.08 to within 1 %.

The agreement between the corrected data and the "actual"
loading in Fig. 7 is good, except in the areas noted. If,
however, the extent of the measured region were greater than
Z2 = 1.0, then the correction scheme should be more accurate.
To verify this refer to Fig. 8, which shows uncorrected
loadings for several survey distances Z2 from 0.5 to 2.0
chords above and below the wing. Clearly, as survey distance
Z2 increases, more momentum contributes to the "measured"
value. Figure 9 presents the corrected loadings for the most
extreme values of Z2 in Fig. 8. As expected, the loading is
more faithfully reproduced at Z2 = 2.0 than at Z2 = 0.5.

To quantify the accuracy with which this algorithm
reproduces the "actual" loading, the area mismatch in Fig. 7
is used and the following definition is applied:

Correction = (] —
accuracy \

area mismatchv

x 100%
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*
O CORRECTED DATA

———— "MEASURED" LOADING

— — "ACTUAL" LOADING

<XXX REGIONS OF AREA
\*X*>O MISMATCH

CA
96.1%
78.1%

Yoe = 2.79

g/c)e = 1.42

2
y/c

Fig. 7 Corrected data showing comparison to "actual" loading
when lift coefficient CL = 1.08 is matched to within 1%.

Fig. 8 Uncorrected loading for several survey distances.

The correction accuracy (CA) in Fig. 9 indicates a
mismatch of less than 4% for the survey of 2.0 chords,
compared to more than 20% mismatch for a survey of 0.5
chords.

It is of interest to consider the application of this equivalent
vortex technique to a realistic loading distribution, one that
more closely approximates a typical aircraft configuration.
Numerical wake survey results for this type of loading are
presented in Fig. 10. Additional results for several other
loadings are presented by Orloff ! and are summarized in Fig.
11, showing the correction accuracy as a function of survey
distance Z2. These data suggest that as the loading
distribution deviates further from the elliptic, the required
survey distance must increase to maintain a given percentage
accuracy in the agreement with the "actual" distribution.
Equivalently, this means that the single vortex equivalent
model becomes less adequate as the loading shifts inboard
(exhibiting less resemblance to an elliptic loading). On the
other hand, an acceptable reproduction of the loading is
obtained with the single vortex model when the correction
accuracy is greater than about 93%. Therefore, if one were to
conduct a wind-tunnel experiment with a laser velocimeter, a
minimum survey distance would be required to obtain an

Fig. 9 Corrected loadings showing the increased accuracy of the
correction algorithm with increasing survey distance.

2.0 r

Fig. 10 Equivalent vortex method applied to a typical complex
loading distribution (drawing shows assumed locations of shed
vortices for flowfield generator; .¥=0.9).

accurate (93%) loading distribution. Figure 11 suggests the
following guidelines for any loading similar to those
presented in Table 1.

Experimental Verification
Apparatus and Procedure

An unswept, tapered, untwisted wing of aspect ratio 6.21
and span of 1.71 m was installed in a 2.13 x 3.05 m (7x10 ft)
subsonic wind tunnel. The wing taper is 0.5 and the airfoil
section is 64j-212 with forward contour modification.7 The
ailerons are continuously adjustable and the flaps can be set
to 0,15,20, or 30 deg. A length of basic section (0.65 c;
c = 27.46 cm) separates the flap and aileron. In the center of
this length, the wing has surface pressure orifices for deter-
mining the section lift.

The velocity flowfield around this wing was surveyed with a
laser velocimeter that could sense both the streamwise (X)
and normal (Z) components of the velocity.8 The spatial
resolution of this instrument is equal to the focal volume
dimensions: 0.3 mm diamx2 mm length (lateral direction).
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0 0.5 1.0 1.5 2.0 2.5
SURVEY DISTANCE, Z2 (CHORDS)

Fig. 11 Accuracy of the equivalent vortex model as a function of
survey distance for several loadings.

• UNCORRECTED, (ccg) meas

"c

• ALGORITHM CORRECTED
O CIRCULATION LOOP
V SURFACE PRESSURES

cc^
^ -4

L_
_

y /c

Fig. 12 Experimental results — loading A: d a = d f = Q deg, a = 6 deg,
CL = 0.69. Traverse distance for wake surveys is Z2 = — Zj = 1.0.

Table 1 Minimum survey distance Z2 above and below
wing trailing edge to obtain a specified accuracy for

span loading distributions shown in Fig. 11

Minimum survey
Loading distance (chords), 93% accuracy

1.4
1.0
0.8
0.3

Table 2 Aileron and flap deflections for three
span loading distributions used for experimental verification

of equivalent vortex correction algorithm

«„. «/,
Loading deg deg

A
B
C

0
0

20

0
30
20

• UNCORRECTED, (cc^)meas

~c
• ALGORITHM CORRECTED
O CIRCULATION LOOP
V SURFACE PRESSURES

0

y/c

Fig. 13 Experimental results—loading B: da=Q deg, 6y = 30 deg,
a =10 deg, CL =1.34. Traverse distance for wake surveys is Z2 =
-Z7=0.7.

This focus can be translated laterally with an analog optical
scanning controller; motion in the X-Z plane is provided by
translation platform with stepping motor control. This latter
motion uses a digital interface to a minicomputer with a
positioning accuracy of ±0.05 mm. The velocity data are also
acquired through a digital interface, from counter-type laser
velocimeter signal processors.

The survey path to be made by the laser velocimeter focal
volume is specified before a data sequence; the minicomputer
then controls position incrementing and data acquisition
along this path. The results are reduced and displayed in real
time on a CRT graphics terminal.

This optical arrangement provides spanwise optical access,
but the wake survey method can also be tested since the wing
trailing edge sweeps forward and the outgoing laser beams are
not interrupted when the focus is close behind the wing. A
section lift coefficient can be obtained directly by specifying a
rectangular survey path ("circulation" loop) of desired
dimensions enclosing the airfoil. When the spanwise location
of this closed circuit is chosen to be that of the pressure
orifices, the accuracy of the result may be assessed by com-
parison with that determined from an integration of surface
pressures. Secondly, the measured section lift coefficient
(cc{/c)meas can be computed from data along a selected wake
survey line with Z2 = — Z7 at the desired Xand Ylocations.

Verification of the theory is based on three different
loadings that have been studied experimentally. These
loadings are denoted and described in Table 2. Loading A was

surveyed extensively using circulation loops; loadings B and C
were studied in this manner only through regions of high
loading gradients. Wake survey traverses were conducted in a
detailed fashion over the entire semispan for each loading.

Results
Figure 12 presents the results for loading A. Loading 4

(from Fig. 11) is very similar to loading A, and the numerical
analysis suggests that a wake survey distance of only 0.3 c is
needed to obtain 93% correction accuracy. Experimentally,
however, to obtain a more accurate loading, Z2 = 1.0 was used
for an anticipated correction accuracy near 98%. Also, as
indicated in Fig. 12, many circulation loops were conducted
over the semispan to obtain a more precise comparison with
the wake survey results. The section loading from surface
pressures clearly substantiates the accuracy of the circulation
loop method; likewise, the circulation loop data indicate that
the wake survey method produces the same loading
distribution, thereby validating the algorithm of Fig. 6. In-
deed, the expected high degree of accuracy has been achieved
using the equivalent vortex method. The convergence time for
the algorithm was, in this case, less than 1 min.

Figure 13 shows the results when the flaps are deflected by
30 deg (loading B). Several circulation loops were conducted
in the region around the outboard edge of the flap. The loop
values inboard of this edge indicate the repeatability in
regions of high loading gradients to be better than 5%. Again,
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o*• • •

• UNCORRECTED, (cc fe) meas

"c
• ALGORITHM CORRECTED

OCIRCULATION LOOP

V SURFACE PRESSURES

• • .*
•

-FLAP————» -*• —— AILERON

y/c

Fig. 14 Experimental results—loading C: 6fl = 20 deg, 6, = 20 deg,
of =12 deg, CL =1.28. Traverse distance for wake surveys is Z2 =
-Z7=0.6.

the surface pressures verify the accuracy of the circulation
loop results, and the corrected wake survey data yield a
spanwise loading that appears to be within the correction
accuracy predicted from Fig. 11 (loading 2, C4 —88% for
Z2=0.7). Moreover, the overcorrection produced by the
algorithm outboard of this flap edge is similarly predicted by
the numerical simulation (see Fig. 9). The decreased loading
near Y=0.6 was also observed from tuft studies that revealed
a mildly separated flow over the flap at this location with
attached flow over the remainder of the flap.

Loading C is characterized by a flap deflection of 20 deg;
the ailerons are also deflected downward 20 deg (rather than
the opposite deflection). Figure 14 shows that the surface
pressure result is again in excellent agreement with the cir-
culation loop value, and that the corrected wake surveys yield
an accurate loading distribution. Furthermore, the un-
derestimation of the loading over the flap and the slight
overestimation along the aileron are both to be expected for a
survey distance of 0.6 c (see Fig. 10).

Summary and Limitations
An analysis of the momentum integral equation has shown

that the local section lift coefficient on a wing is determined
solely by the net vorticity passing through a closed circuit C
when certain restrictions are placed on the character of the
inviscid wake structure and on the manner in which the
viscous wake is traversed. It has been shown that, when
downward deflection of the shed vorticity is present, but
spanwise deflection is absent within the loop C, the
relationship in Eq. (7) is valid. The analysis assumes the
bound vortex line to lie along the y axis with £x = 0. The
analysis does, however, proceed identically from Eq. (6) when
wing sweep is included. In this case, £x has a finite value along

the bound vortex, but spanwise deflection of the trailing
vortex system is again forbidden, and symmetry provides
Uy =0 at all points of the bound vortex. Hence, the example
presented for the swept-wing transport-type loading is still
meaningful.

These considerations led to the development of a method
for determining the spanwise lift distribution from
measurements of wake velocities only. The single-horseshoe
equivalent vortex method has been shown adequate as long as
the wake survey line sufficiently extends far above and below
the wing trailing edge. The required survey distance was
found to increase as the loading is concentrated further in-
board. The algorithm for the correction scheme has been
tested using laser velocimeter data for the flow around a
model wing; experimentally, the algorithm has been shown to
provide an accurate loading distribution for complex as well
as simple loadings.

An important advantage of the wake survey technique is the
ability to obtain a detailed loading within a transition region
between a flapped section and the basic section where the
loading gradient is substantial. Examples of such
measurements have been presented. To obtain these results
using surface pressures would be difficult, especially for
small-scale models.

The analysis presented herein assumes a steady fluid flow
over the wing. At high angles of attack, however, when un-
steady separation is likely to occur (e.g., leading-edge stall),
the analysis is no longer applicable. If, however, the
separation should occur over only a small region in the
neighborhood of the trailing edge, then the circulation within
loop C is still related to the section lift as long as the enlarged
viscous wake contains equal positive and negative vorticity
and the flow remains steady. This condition was encountered
with loading B; the loading was determined over the portion
of the flapped section experiencing steady trailing-edge stall.
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